Analytical expressions representing all the roots of a random algebraic equation of n-th degree in terms of the equation coefficients are presented in the paper. These formulas consist of two ratios of infinite Toeplitz determinants. The diagonal elements of the determinants are the coefficients of algebraic equations. To find complex roots the method of summation of divergent continued fractions is used.
Introduction
To design modern complex objects it is necessary to analyze their supposed characteristics even in the early stages of their development. Differential and integral equations as well as the classical algebraic equations are used for modeling. Algebraic equation is one of the oldest objects of research in mathematics.
There are various applications of algebraic equations to scientific and technical problems. For example, algebraic equations arise is of interest in studies of equilibrium states of complex thermodynamic and mechanical systems. Algebraic equations are often used in aerodynamics. For example, the rate of climb of a plane is determined by the algebraic equation of eighth degree. Algebraic equations are used in the calculation of the flow over the wing in the Prandtl theory. The degree of the equations depends on the law of variation of the lift coefficient from the angle of attack. The problem of structural stability involves the calculation of eigenvalues of matrices. The eigenvalues are determined from the solution of algebraic equation. The equation degree is equal to the number of harmonics. Algebraic equations most often arise in various geometrical calculations, for example, in determination of the intersection points of two curves, in the design of wings, fuselages, etc. The recently published monograph [1, 2] dedicated to the various aspects of the theory and practice of algebraic equations. However, internationally known expert R. Hamming gave, in the book published half a century ago [3] , the following remark: "the problem of finding the roots of polynomials occurs frequently enough to warrant a thorough examination and development of special methods for its solution. A whole book can be dedicated to the different known methods of finding a valid linear and quadratic multiplier.
The large verity of methods shows that no one of them is completely satisfactory". In fact, there are more than hundred of algorithms and their modifications that are used for finding zeros of polynomials [4] . Mainly they are algorithms of numerical solution of algebraic equations. The so-called Mellin integral formula [5] is the best known analytical algorithm for solving algebraic equations. Recently the further development of the Mellin integral formula was proposed [6] .
The paper presents analytical expressions that represent all the roots of a random algebraic equation of n-th degree in terms of the coefficients of the equation. These formulas consist of two ratios of infinite Toeplitz determinants. The diagonal elements of the determinants are the coefficients of algebraic equations. To find complex roots an advanced method of summation of divergent continued fractions, called r/ϕ-algorithm, is used [7] . The algorithm is finding application in various areas of computational mathematics [8] [9] [10] [11] .
Problem statement
There is an algebraic equation of n-th degree:
Let us write the following generating function:
Coefficients α i in (1.1) and (1.2) are the same. Coefficients c m of sequence (1.2) can be obtained from the following linear recurrence relations
To determine the roots of algebraic equation (1.1) Aitken proposed the following formula [13] :
To find x i the following relation is used:
, where
Thus, the root x i can be represented by the expression:
Obviously, only real roots of algebraic equation (1.1) can be found with the use of Aitken formulas. The way to find the largest in magnitude real root of algebraic equation (1.1) described by formula (1.4) was proposed by D.Bernoulli. We suggest to use the r/ϕ-algorithm to find complex roots of algebraic equation (1.1).
Representation of zeros of a polynomial
Let us write Aitken formulas (1.4)-(1.7) in expanded form. We obtain relations that consist of ratios of determinants of Toeplitz matrices. The diagonal elements of determinants are the coefficients of the equation (1.1).
Using recurrent formula (1.3), formula (1.4) can be represented in the form
Upon substituting c m into the Aitken formulas, other roots of equation (1.1) are
2)
Ratios of determinants (2.1)- (2.3) define the roots of algebraic equation (1.1) in terms of its coefficients. These ratios are referred to as the N 
The algorithm of summation of divergent continued fractions
Generalized continuous fractions were proposed [13] . They are defined by the ratio of the determinants of the general form: All known classes of continued fractions are special cases of continuous fractions (3.1). For example, branching continuous fractions (3.2), or Skorobogatko continuous fractions [14] , are represented by the ratio of determinants with the typical step structure:
Ordinary continued fractions can be represented by the ratio of determinants of three-diagonal matrices: Let us consider the algorithm of determining the values of divergent continued fractions. The algorithm of determining roots of a polynomial is constructed in a similar way. Unconventional definition of convergence of continued fractions was proposed [15] . To find the value of continued fractions we use the r/ϕ-algorithm:
Generally continued fraction converges to a complex number z = r 0 e iϕ0 , if there are limits:
where P l /Q l is the value of l-th appropriate fraction out of n appropriate fractions, k n is the number of negative appropriate fractions out of n fractions This method goes beyond the traditional methods of summation because it allows one to find a complex number that is represented by this continued fraction from the sequence of real suitable fractions. If appropriate fractions in a continued fraction with real elements change signs any number of times then the continued fraction converges to a complex number.In other words, the behavior of suitable fractions defines the complex number e i . Parameters of a complex number z = r 0 e iϕ0 , where r 0 is the absolute value and ϕ 0 is the argument, can be determined with the use of r/ϕ-algorithm (formulas (3.3) and (3.4)). In the case of continued fractions, converging in the classical meaning, the argument ϕ 0 takes either the value 0 or π. If ϕ 0 = 0 then the value of convergent continued fraction takes the value r 0 . If ϕ 0 = π then the value of convergent continued fraction takes the value z = r 0 e iπ = −r 0 . The scheme of r/ϕ-algorithm can be clarified as follows. Let us consider the decomposition of e iϕ in terms of the continued fraction. From the Euler formula
2 continued fractions can be written in the following form:
(3.5)
Let us write rational approximants of continued fractions (3.5): Obviously, angle (n + 1)ϕ becomes greater than π with increasing n:
At this moment the appropriate fraction P n /Q n takes a negative value and this allows one to approximately determine the argument of a complex number e iϕ which is presented by continued fraction (3.5) . Observing the values of appropriate fractions (3.5), we can write the formula for the argument ϕ 0 of the complex number e iϕ :
where k n is the number of appropriate fractions that have a negative value out of the total number n of fractions (3.5),φ is some angle andφ < ϕ 0 .
If n → ∞ then formula (3.7) takes the form
However, the above procedure allows one to determine not the value of argument of the complex number e iϕ0 but the absolute value of this argument. The sign of the argument of a complex number e iϕ0 is determined by the dynamics of distribution of values of appropriate fractions (3.5) on the "period". These rules of determining the sign were installed after calibration on the test continued fractions with complex values. Fig. 1 and 1a show the distribution of values of appropriate fractions P n /Q n of expansions e i0,2 and e −i0,2 . Formula (3.3) is assigned in a similar way.
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The algorithm of determination of roots of a polynomial
Relations (2.1)-(2.3) are continued fractions with special structure. This allows one to introduce the concept of an appropriate fraction and it simplifies the description of the method of solution of algebraic equations with the use of functions N (n) l and r/ϕ-algorithm. To find a complex roots of equation (1.1) that are also determined by formulas (2.1)-(2.3) it is necessary to use the r/ϕ-algorithm. Modulus r l and the absolute value of argument ϕ l of a complex number x l = r l e iϕ l are determined from the formulas: For example, appropriate fractions for x 2 are as follows:
Calculation of appropriate fractions with the use of formula (2.3) is very difficult due to the large dimensions of the determinants which are included in this formula. However, it is easy to see that the determinants presented in formula (2.3) have special structure. They are determinants of Toeplitz matrices in which the elements on the diagonals parallel to the main diagonal are the same. To implement formulas (2.3) one can use the quotient-difference (QD) algorithm proposed by Rutishauser [16] .
5. An example of solving algebraic equatins using the r/ϕ-algorithm and the results of testing Tables 1-5 present the results of calculations of the roots of the equation
with the use of continued fractions (2.3) and r/ϕ-algorithm (4.1) and (4.2). The limit of the ratio of determinants which is included in formula (5.2) coincides with the largest magnitude root of equation (5.1): Let us write continued fraction for the roots x 2 and x 3 of equation (5.1): 
3) Fig. 2 and Fig. 3 show the graphs of the values of appropriate continued fractions which are roots of algebraic equation (5.1). The graphs 2 a and 3 m shows that x 1 и x 12 are real roots. The graphs also show that equation (5.1) has five pairs of complex conjugate roots. "Periodicity" of the location of suitable complex roots can be clearly seen at the right half of the graphs presented in Fig. 2 and Fig. 3 .
Tab. 2 and 3 show the results of calculating of the first pair of complex conjugate roots of equation (5.1) with the use of r/ϕ-algorithm (formulas (4.1) and (4.2)). Table 5 shows the results of calculation of the second real root of equation (5.1).
Next we present the results of testing of r/ϕ-algorithm. The following equation with random coefficients is considered:
where a 1 , a 2 , . . . , a 10 ∈ [−1000000, 1000000].
To calculate the appropriate fractions QD-algorithm with negative indices is used. It is required to find out whether a given accuracy is achieved in the determination of real and complex roots of equations (5.5) with the use of r/ϕ-algorithm (formulas (4.1) and (4.2)). The performed calculations confirm the validity of the r/ϕ-algorithm for finding zeros of a polynomial. We applied the r/ϕ-algorithm to 10000 algebraic equations of tenth degree with random coefficients. Relative error of all roots calculated is no more than 0.001. Convergence to the exact solution takes place for all equations and a given accuracy is achieved. The number of appropriate fractions needed to achieve the required accuracy depends on specific equation. 
Conclusion
Formulas (2.3), (4.1) and (4.2) define the roots of a polynomial of the n-th degree in terms of its coefficients. Using these formulas, one can establish various criteria associated with the roots of polynomials of general form. Numerical methods are not capable of solving such problems. The fact that formula (2.3) includes the determinants of infinite order should not cause additional concerns because even the finding of roots of a quadratic equation includes the computation of the ratio of determinants of infinite three-diagonal matrices of dimensions (n + 1) and n with n → ∞. Formula (2.3) includes the ratio of Toeplitz determinants of infinite order and it can be considered as a mnemonic rule of finding the roots of a random algebraic equation of n-th order which is transformed into sequence of arithmetic operations. Similarly the formulas for finding the roots of quadratic or cubic equations are also mnemonic rules. Formula (2.3) is referred as function N i , that is to relation (2.3), which contains only real coefficients of an algebraic equation of n-th degree allows one to "extract" complex roots of this equation if the complex roots exist. This is paradoxical result that does not fit with the classical approach to represent complex numbers in the "explicit" form which contains the imaginary unit. The use of the r/ϕ-algorithm allows one to establish the existence of complex roots from the "behavior" of appropriate fractions.The complex roots are determined from "expanding" continued fractions (2.3) with the use of the r/ϕ-algorithm. Fig. 4 shows the values 
